Abstract. Let X be a projective variety over an algebraically closed field k of arbitrary characteristic p ≥ 0. A surjective endomorphism f of X is q-polarized if f * H ∼ qH for some ample Cartier divisor H and integer q > 1.
Introduction
We work over a fixed algebraically closed field k of arbitrary characteristic p ≥ 0. Let X be a projective variety over the field k and f : X → X a surjective endomorphism. We say that f is q-polarized (resp. numerically q-polarized) by H, if there is an ample Cartier divisor H such that f * H ∼ qH, a linear equivalence (resp. f * H ≡ qH, a numerical equivalence) for some integer q > 1. When char k = 0, being numerically polarized is equivalent to being polarized after replacing H (cf. [26, Lemma 2.3] ). In Section 5, Theorem 5.1, we generalize this result to arbitrary characteristic if we further assume X is normal and f is separable.
Let X be a Q-Gorenstein normal projective variety over the field k admitting a polarized separable endomorphism. Boucksom, de Fernex and Favre [5, Theorem C] showed that if X is further smooth and char k = 0, then −K X is pseudo-effective. Our first Theorem 1.1 below strengthens a bit their conclusion and also covers singular varieties over the field k of arbitrary characteristic.
Theorem 1.1. Let f : X → X be a polarized separable endomorphism of a Q-Gorenstein normal projective variety X of dimension n ≥ 0 over the field k of arbitrary characteristic.
Then −K X is numerically equivalent to an effective Q-Cartier divisor. In particular, if
Alb(X) is trivial (cf. Section 5), then we have the Iitaka D-dimension κ(X, −K X ) ≥ 0. [23, Corollary 1.4 ] to all characteristics, the proof of which is very different, due to the lack of practical characterizations of abelian varieties in positive characteristics. It is also used in the proof of Theorems 1.4 and 1.6. Theorem 1.2. Let f : X → X be a numerically q-polarized separable endomorphism of a normal projective variety X. Then we have the following.
(1) The Albanese morphism (cf. Section 5) alb X : X → Alb(X) is surjective with (alb X ) * O X = O Alb(X) and all the fibres of alb X are irreducible and equi-dimensional.
The induced morphism g : Alb(X) → Alb(X) is q-polarized separable.
(2) The Albanese map (cf. Section 5) alb X : X Alb(X) is dominant and the induced morphism h : Alb(X) → Alb(X) is q-polarized separable. We are not able to answer Question 1.3 in higher dimension. But we have: Theorem 1.4. Let f : X → X be a numerically polarized separable endomorphism of a normal projective variety X with K X being pseudo-effective and Q-Cartier. Then f is quasi-étale and K X ∼ Q 0.
With the above results, we are ready to run an f -equivariant minimal model program (MMP) over the field k of arbitrary characteristic. We refer to [18] for the definitions of canonical, klt or lc singularities, and [14] for the definition of strongly F-regular singularity.
In the case of characteristic 0, one can run the MMP f -equivariantly for mildly singular X in any dimension and reach a Q-abelian variety (i.e. a quasi-étale quotient of an abelian variety; see 2.1) or a Fano variety (i.e. the anti-canonical divisor −K X is ample) of Picard number one (cf. [23, Theorem 1.8] ). In the case of positive characteristic, a surjective endomorphism might be ramified everywhere. So we need to consider the separable endomorphisms in order to apply the ramification divisor formula which is crucial and automatically satisfied in the case of characteristic 0. Another problem in the case of positive characteristic is that the MMP is not fully established (only known for lc 3- fold with characteristic > 5, cf. [31] and the references therein). Moreover, after a Fano contraction, we want the base variety still to have mild singularities so that we can further run the MMP on the base variety; this is taken care by Theorems 1.5 and 10.2.
In the case of characteristic 0, Nakayama [25, Section 7.3] showed that a normal projective surface X having K X ∼ Q 0 and a quasi-étale non-isomorphic endomorphism f , is Q-abelian. In particular, X is klt and Q-factorial. In positive characteristic, we are unable to show that X is lc even when f is separable, since f may have wild ramification.
But when p ∤ deg f Gal and p > 5, we have the same result below. Here for a separable finite surjective morphism h : X 1 → X 2 , denote by h Gal : X 1 → X 2 its Galois closure.
Theorem 1.5. Let f : X → X be a polarized endomorphism of a normal projective surface X over the field k of characteristic p > 5. Suppose p ∤ deg f Gal and K X is pseudo-effective. Then X is a Q-abelian surface. In particular, X is Q-factorial and klt.
To state the remaining results, we need the following hypothesis.
Hyp(A). Fix a Q-factorial klt normal projective variety X of dim(X) ≤ 3 over the field k with characteristic p > 5, and a q-polarized endomorphism f : X → X with p and q being co-prime.
The assumption above that p and q are co-prime is equivalent to that p and deg f = q dim(X) are co-prime, and cannot be simply weakened to that f is separable in our arguments of showing that the extremal rays in the MMP are f -periodic. This is because a separable map f may not restrict to a separable map on a subvariety; see Remark 6.3.
The assumption p > 5 is needed in order to run the MMP and apply Hara's result [14] :
klt surface singularities are strongly F -regular. Theorem 1.6. Assume f : X → X satisfies the hypothesis Hyp(A). Then, replacing f by a positive power, there is an f -equivariant MMP
a flip or a Fano contraction, of a K X i -negative extremal ray, such that we have:
Gal . Then we have:
(6) For each i, X i is Q-factorial lc, and X i Y is an equi-dimensional well-defined morphism with every fibre irreducible.
is a scalar multiplication. (1) X = Y and dim(X) ≥ 2, K X ∼ Q 0, and f is quasi-étale. If dim(Y ) > 0, then theétale fundamental group πé t 1 (X reg ) of the smooth part X reg of X is infinite.
Let X be a normal projective variety which is rationally chain connected; see [6, Definition 4.21] . It is known that Alb(X) is trivial and theétale fundamental group of such X is finite (cf. [17, Theorem 1.6] ). This, together with Theorems 1.1, 1.6 and 1.7, imply the following. Theorem 1.8. Assume f : X → X satisfies the hypothesis Hyp(A) and p ∤ deg f Gal .
Assume further that X is smooth and rationally chain connected. Then we have:
(2) The MMP in Theorem 1.6 ends up with a point.
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Preliminary results

Notation and terminology.
Let X be a projective variety of dimension n over the field k. We use Cartier divisor H (always meaning integral, unless otherwise indicated) and its corresponding invertible Let f : X → X be a surjective endomorphism.
for some s > 0. We say that f is numerically q-polarized if there is an ample Cartier divisor H such that f * H ≡ qH (numerical equivalence) for some integer q > 1; note that (qH)
Let g : X → Y be a finite surjective morphism of normal varieties. We say that g is separable if the induced field extension g on X and let r be the ramification index of f along P . Then there exists a non-negative integer b ≥ r − 1 such that K X ′ = f * K X + bP holds around the generic point of P and b > r − 1 holds exactly when p|r. In particular, we have the ramification divisor formula:
where R f := P bP is the ramification divisor of f .
Let Y be a normal birational model of X and Y ′ the normalization of Y in K(X ′ ) with the induced finite surjective morphism g : Y ′ → Y . Suppose for any Y , the ramification index of g along any prime divisor of Y ′ is co-prime with p. We say f : X ′ → X is tame.
Denote by f Gal : X → X the Galois closure of f :
. Consider the following diagram:
where π is a birational morphism from a normal variety Y and Y ′ is the normalization of the fibre product of π and f . Let E be an exceptional prime divisor of π and E ′ an exceptional prime divisor of π ′ which dominates E. Let r be the ramification index of
Recall that the pair (X, ∆) is subklt (resp. sublc) if the coefficients δ i < 1 (resp. δ i ≤ 1) and the discrepancies a(E, X, ∆) > −1 (resp. ≥ −1) for all exceptional prime divisors E over X. A subklt (resp. sublc) pair is klt (resp. lc) if further ∆ ≥ 0; see [18] . As in the proof of [18, Proposition 5.20] , there is a relation between discrepancies of the two pairs:
where E above is a prime divisor (not necessarily exceptional) over X. In the above, we have b ≥ r − 1, as mentioned early on. Thus, we have the following: Lemma 2.3. Assume the above notation. Then we have:
(2) Suppose f is tame. Then the converse of (1) Lemma 2.5. Let j : F → E, σ : F → F and τ : E → E be the field extensions of fields F and E such that τ • j = j • σ. Suppose σ and τ are finite field extensions and E is finitely generated over j(F ). Then the following are true.
(1) Suppose j is a finite field extension. Then σ is separable if and only if τ is separable.
(2) Suppose j(F ) is algebraically closed in E and τ is separable. Then σ is separable.
(3) Suppose τ is separable. Then so is σ.
Proof.
(1) By multiplicativity and since the extension j(F )/j(σ(F )) is equivalent to that
and only if so does [F :
is also a non-separable minimal polynomial of j(a), a contradiction.
(3) Let j factor through j 1 : F → K and j 2 : K → E such that j 1 is algebraic and j 2 (K) is algebraically closed in E, which is the algebraic version of the geometric Stein factorization. Since E is finitely generated over j(F ), j 1 is a finite extension. Note that there exists an extension ϕ : 
Proof. Write f :
Then we have the following field extensions.
is also irreducible and
We will use the following fact in Galois theory.
Lemma 2.7. Let E 1 /F and E 2 /F be the finite field extensions. Suppose E 2 /F is Galois. Then K := E 1 · E 2 /E 1 is Galois and
Lemma 2.8. Let E 2 /E 1 and E 3 /E 2 be two Galois extensions of degree co-prime to p. Let F/E 1 be the Galois closure of
is Galois and
is Galois with degree co-prime to
is Galois with degree co-prime to p. So the lemma is proved. are both co-prime to p.
Then deg f Gal is co-prime to p.
Proof. Clearly, we may assume f 1 is Galois. Let K i be the function field of X i . Then (i) ϕ(u) = qu for some u ∈ C • (the interior part of C).
(ii) There exists a constant N > 0, such that
Assume further the equivalent conditions (i) and (ii). Then the following are true.
(1) ϕ is a diagonalizable linear map with all eigenvalues of modulus q.
cone. So (i) and (ii) are equivalent and (1) is true by [23, Proposition 2.9].
Assume the equivalent conditions (i) and (ii) and q > 1.
If e = 0, then v = 0 by (1) and since q > 1. Next we assume e = 0.
For m ≥ 1, let E m be the convex cone generated by {ϕ −1 (e), · · · , ϕ −m (e)}. Let E ∞ be the convex cone generated by {ϕ −i (e)} i≥1 . Let E be the convex cone generated by {ϕ −i (e)} i∈Z . Then all the above cones are subcones of C. Note that ϕ ± (E) = E and
Let W be the vector space spanned by E. Since e = 0, dim(W ) > 0.
We claim that E ∞ spans W . Let W ′ be the vector space spanned by E ∞ . Then
In particular, ϕ i (e) ∈ W ′ for any i ∈ Z and hence W ⊆ W ′ . So the claim is proved.
Now we may assume
Proof of Theorem 1.1. By the ramification divisor formula,
Let V be the real vector space N 1 (X) with a fixed norm. Let C be the cone of classes of effective R-Cartier divisors in N 1 (X). Then C spans V and its closure C = PEC(X)
Since f is polarized, ϕ(u) = qu for some u ∈ C • and q > 1. Applying Proposition 3.1 for the above settings, we have v ∈ C. So −K X ≡ D for some effective Lemma 4.2. Let f : X → X be a numerically q-polarized separable endomorphism of an n-dimensional Q-Gorenstein normal projective variety X. Then the following are equivalent.
(1) f is quasi-étale.
Proof. For (2) ⇒ (3), we refer to Lemma 4.1.
We then only need to show (4) ⇒(1). Suppose that f * H ≡ qH for some ample Cartier divisor H of X and q > 1.
Since K X is pseudo-effective and R f is effective, K X · H n−1 = R f · H n−1 = 0 and hence
Remark 4.3. Alternatively, by Theorem 1.1, −K X is pseudo-effective and hence Lemma 4.2 is straightforward.
Lemma 4.4. Let f : X → X be a numerically q-polarized separable endomorphism of a normal projective variety X. Suppose mK X is effective for some integer m > 0. Then X is Q-Gorenstein and f is quasi-étale; precisely, mK X ∼ 0.
we obtain
We generalize [26, Theorem 3.3] to the case of positive characteristic as follows:
Theorem 4.5. Let X be a strongly F-regular Q-Gorenstein normal projective variety over the field k of characteristic p > 0. Let f : X → X be a polarized separable endomorphism.
Suppose dim(X) > 1 and K X is pseudo-effective. Then there is a quasi-étale cover
(1) V is smooth; and
In particular, if X is a surface and p > 3, then V is Q-abelian and hence X is Q-abelian. If X is a surface and p > 3, (1) and (2) imply that V is either an abelian surface or a hyperelliptic surface by the classification of surfaces (cf. [4] ). In particular, V is Q-abelian and so is X.
Remark 4.6. In the case of characteristic 0, Theorem 4.5 (1) and (2) imply V is Qabelian (cf. [1] and [32] ).
Proof of Theorems 1.2 and 1.4
Let f : X → X be a surjective endomorphism of a normal projective variety X over k.
Denote by
which is an abelian variety. Then there is a canonical morphism alb X : X → Alb(X) such that: alb X (X) generates Alb(X) and for every morphism ϕ : X → A from X to an abelian variety A, there exists a unique morphism ψ :
In the birational category, there exists an abelian variety Alb(X) together with a rational map alb X : X Alb(X) such that: alb X (X) generates Alb(X) and for every rational map ϕ : X A from X to an abelian variety A, there exists a unique morphism
then alb X and alb X are the same.
By the above two universal properties, f descends to surjective endomorphisms on Alb(X) and Alb(X).
The purpose of this section is to prove Theorems 1.2, 1.4 and the following:
Theorem 5.1. Let f : X → X be a numerically polarized separable endomorphism of a normal projective variety over the field k. Then f is polarized. Let Z be a normal variety such that π = τ • σ where σ : X → Z is purely inseparable and
Proof. Let V 1 := Spec A 1 be an affine open dense subset of Y . Denote by
Denote by 
Note that every element of C 1 is separable over Q(A 1 ) (the quotient field of A 1 ). So every element of f (C 1 ) is separable over g(Q(A 1 )) and hence separable over Q(A 2 ). Therefore,
Then we have a ring Suppose there is a closed subvariety Z of A such that
f | Z is numerically polarized separable, and
Proof. We may assume dim(A) > 0. Let a = f (0). Then f = T a • f 0 where f 0 is an isogeny, and T a is the translation. Let Stab A (Z) be the maximal closed subgroup of Lemma 5.5. Let f : X → X be a numerically q-polarized separable endomorphism of a normal projective variety X. Then alb X : X → Alb(X) is surjective and the induced endomorphism g : Alb(X) → Alb(X) is again numerically q-polarized separable.
Proof. Let Z := alb X (X) which generates Alb(X). Then g(Z) = Z and g| Z is numerically q-polarized separable by [23, Theorem 3.11] and Lemma 2.5. Now Lemma 5.4 implies that Z = Alb(X).
Lemma 5.6. Let f : X → X be a numerically polarized separable endomorphism of a normal projective variety X. Suppose alb X is finite and surjective. Then alb X is an isomorphism and X is an abelian variety.
Proof. Let Z be a normal projective variety such that alb X = τ • σ where σ : X → Z is purely inseparable and τ : Z → Alb(X) is separable. By Lemma 5.3, there is a surjective So alb X is an isomorphism and hence X is an abelian variety.
Let A be an abelian variety. We recall some facts from [24] . Let 0 = n ∈ Z. Denote by n A : A → A the isogeny sending a to na. Let L be a Cartier divisor of A. Then Proof. Write f = T a • f 0 where f 0 : A → A is an isogeny and T a is the translation.
Note that f 0 is also numerically q-polarized and f = f 0 . So we may assume f is an isogeny. By the assumption,
Taking the pullback of the above, we have:
where the isomorphism ϕ = q * A
• ( f * ) −1 makes the whole diagram commutative. We now Hence f is numerically q-polarized.
Lemma 5.8. Let f : X → X be a numerically q-polarized separable endomorphism of a normal projective variety X. Then the dual f : Pic 0 (X) red → Pic 0 (X) red is numerically q-polarized.
Proof. By Lemma 5.5, the induced endomorphism g : Alb(X) → Alb(X) is numerically q-polarized separable. Note that f = g. Now the lemma follows from Lemma 5.7.
Lemma 5.9. Let f : A → A be a numerically q-polarized isogeny of an abelian variety A with n = dim(A) > 0. Let λ be an integer. If f − λ A is not surjective, then q = λ 2 .
Proof. Let B the kernel of f − λ A . Then B is a closed subgroup of A. Let B 0 be the neutral component of B. Then we have the following commutative diagram
where i is the inclusion map.
Like f , the λ B 0 is also q-polarized.
Proof of Theorem 5.1. We may assume dim(X) > 0. Suppose f * H ≡ qH for some ample
Cartier divisor H and q > 0. Let D = f * H − qH. Replacing H by a multiple, we may assume D ∈ Pic 0 (X) red . Note that f is numerically q-polarized by Lemma 5.8. So f − q Pic 0 (X) red is a surjective endomorphism of Pic 0 (X) red by Lemma 5.9. In particular, so we need to restrict to those f : X → X which are numerically q-polarized with p and q co-prime; such f is separable since deg f = q dim(X) and hence (p, deg f ) = 1. We remark that we cannot simply weaken the assumption to f being separable because such separable f may not restrict to a separable morphism on a subvariety; see Remark 6.3 for an example where [23, Lemma 6.1] fails to hold yet f is separable (and p divides deg f ).
In summary, we prove Lemma 6.2 below, replacing [23, Lemma 6.1].
The proof of Lemma 6.2 below is almost identical to that of [23, Lemma 6.1], but for convenience, we reproduce here and highlight the argument in the proof where we need the assumption of f being numerically q-polarized with p and q co-prime. (1) A is a prime divisor of X.
(2) p and q are co-prime.
Proof. Suppose that dim(X) = n, and f * H ≡ qH for some ample Cartier divisor H and
If M ≥0 (A) is a finite set, f r 1 (A) = f r 2 (A) for some 0 < r 1 < r 2 . Then for any i > 0,
suffices to show M ≥0 (A) is a finite set. It is trivial if A = X.
. Let Σ be the union of Sing(X), f −1 (Sing(X)), and the irreducible components in the ramification divisor R f of f .
We first claim that A i is contained in Σ for infinitely many i. Otherwise, replacing A by some A i 0 , we may assume that A i is not contained in Σ for all i ≥ 0. So we have
Thus for infinitely many i, a i ≥ q n−k and A i ⊆ Σ, a contradiction. This proves the claim.
If we assume the condition (1), by the claim, then f r 1 (A) = f r 2 (A) for some 0 < r 1 < r 2 .
So |M ≥0 (A)| < r 2 .
Next we assume the condition (2), k ≤ n − 2 and |M ≥0 (A)| = ∞. Let B be the Zariskiclosure of the union of those A i 1 contained in Σ. Then k + 1 ≤ dim(B) ≤ n − 1, and
have the same number of irreducible components. Let X 1 be an irreducible component
is a finite set. So we may assume that f −1 (X 1 ) = X 1 , after replacing f by a positive power and X 1 by its image. Note that f | X 1 is numerically q-polarized. Now the codimension of A i 1 in X 1 is smaller than that of A in X. By induction, M ≥0 (A i 1 ) and hence M ≥0 (A) are finite. This is a contradiction.
So under either the condition (1) 
which is a geometric Frobenius of P 1 . (1) Suppose f is numerically q-polarized. Then so is g.
(2) Suppose π is generically finite. Then f is numerically q-polarized if and only if so is g.
Remark 6.6. Let f : X → X be a separable surjective endomorphism of a normal projective variety X. In the case of characteristic 0, Nakayama and Zhang showed the equivalence of f being numerically q-polarized and f being q-polarized (cf. [26, Lemma 2.3]; indeed their proof works for any projective X). For arbitrary characteristic, the same equivalence holds, with a new proof given in Theorem 5.1.
Remark 6.7. We here summarize the version of the polarized equivariant MMP in positive characteristic by using Remarks 6.1 and 6.4, Theorem 6.5 and Remark 6.6. Let X be a normal projective variety over the field k of characteristic p > 0. Let f : X → X be a q-polarized separable endomorphism. Suppose there exists a finite sequence of MMP:
with every X i X i+1 a divisorial contraction, a flip or a Fano contraction, of a K X inegative extremal ray. Assume that (p, q) = 1. Then after replacing f by a positive power, this sequence is f -equivariant, and f = f 1 descends to q-polarized f i on each X i .
Note that if there is no flip involved in the sequence, then without the assumption Proof. Note that f is a closed map since f is finite. We then prove by induction on
So we may assume X is irreducible and U is open dense in X. Denote by Y ′ := f (X\U) and
So the lemma is proved.
Lemma 7.2. Let f : X → Y be a finite surjective morphism of two varieties X and Y . Let S be a subset of
Lemma 7.3. Let π : X → Y be a surjective morphism of two varieties with connected fibres. Let f : X → X and g : Y → Y be two surjective endomorphisms such that
) is surjective for any subset Z of closed points in Y .
Proof. Clearly, it suffices to consider the case when Z is a closed point of Y . Suppose there is a closed point y of
) is not surjective. Let g(y) ). Since f is also a closed map, the set f (π −1 (y)) is both open and closed in the connected fibre π −1 (g(y)) and hence f (π −1 (y)) = π −1 (g(y)) since π is surjective. 
is surjective by Lemma 7.3. Since
Lemma 7.5. Let π : X → Y be a surjective projective morphism of two varieties with connected fibres. Let f : X → X and g : Y → Y be two surjective endomorphisms such
Proof. Replacing f by a positive power, we may assume E is irreducible and f −1 (E) = E.
Since F ′ is irreducible and dim(F ′ ) = dim(F ), F ′ = F . Note that g(F ) = F . So the lemma is proved.
Q-abelian case
In the case of characteristic 0, the following result was proved in [26, Lemma 2.12] . It still holds for any characteristic, with a modified proof below.
Lemma 8.1. Let X be a Q-abelian variety. Then there is a quasi-étale cover π A : A → X such that the following hold.
(1) A is an abelian variety.
(2) π A is Galois. 
Proof. We denote by f :
Note that f • π 1 is quasi-étale. By Lemma 8.1, such f A exists.
Corollary 8.3. Let f : X → X be a polarized separable endomorphism of a Q-abelian variety X. Then there is no f −1 -periodic proper subvariety of X.
Proof. Since f is separable, f is quasi-étale by the ramification divisor formula. Let 
Therefore, X η s is normal since X η is normal. Hence, X η s is connected and normal, so
Therefore, X η is irreducible. Lemma 8.7. Let X be a normal projective variety of dimension ≤ 3 over the field k with char k > 5. Suppose (X, ∆) is a klt pair for some effective Weil Q-divisor ∆. Let π : X A be a rational map to an abelian variety A. Then π is a morphism.
Proof. Let p : X ′ → X be a resolution of π. Taking a product, we may assume dim(X) = 3. By [10, Theorem 4.8] , all the fibres of p are rationally chain connected and hence p is a morphism since an abelian variety contains no rational curves and by the rigidity (cf.
[6, Lemma 1.15]).
With the above lemma, we can show the following by using almost the same proof as [23, Lemma 5.3] . We rewrite it here for the reader's convenience. Taking the Stein factorization of the composition W ′ → W → X, we get a birational morphism p
Since p 2 is equi-dimensional, by the base change, τ 2 isétale in codimension one. Let U ⊆ X be the domain of p 3 (U) → U of τ 3 isétale in codimension one, since so is τ 2 . Therefore, τ 3 isétale in codimension one. In particular, by the ramification divisor formula,
3 (x) has only finitely many points. This is a contradiction.
Global index-1 cover
We follow [25, Note that π here is not separable if p | r. If D = K X , we call π the global index-1 cover of X.
Lemma 9.1. Let π : X → Y be a purely inseparable finite surjective morphism between two normal varieties and let f : X → X and g : Y → Y be two surjective endomorphisms
Proof. Let W be the fibre product of π and g. We may assume there is a finite surjective morphism τ :
Since g is quasi-étale, g is separable and hence f is separable (cf. Lemma 2.5). Therefore, τ is separable. Since π is purely inseparable, τ is also purely inseparable.
So deg τ = 1 and τ is the normalization of W 1 . Note that p 1 is also quasi-étale and W 1 is smooth in codimension 1. Then f is quasi-étale.
Lemma 9.2. Let f : X → X be a q-polarized separable endomorphism of a normal projective variety with K X ∼ Q 0. Let π : V → X be the global index-1 cover of X. Then V is a normal projective variety with K V ∼ 0.
Proof. We may assume the characteristic p > 0. Let the global index of K X be r = ap m with (a, p) = 1 and m ≥ 0. Since K X ∼ Q 0, f is quasi-étale by Lemma 4.2. So Proof. Let π 1 : X 1 → X be the cyclic cover as in the proof of Lemma 9.2. Since our base field is algebraically closed, π 1 is Galois with degree co-prime to p. Let f X 1 :
Gal is co-prime to p by Lemma 2.9.
In particular, deg f
is co-prime to p. So we may assume π is purely inseparable. Now the lemma follows from Lemma 2.6. Let (X, ∆) be a normal algebraic surface pair with ∆ a Weil Q-divisor on X. Fix u ∈ X a closed point. Let π : X → X be a resolution at u with exceptional divisor E = E i .
, where π −1 * ∆ is the strict transform of ∆ and ≡ π is the numerical equivalence over X. If for any resolution at u, a i ≥ −1 (resp. a i > −1), then we say (X, ∆) is numerically sub-lc (resp. numerically sub-klt) at u. We say (X, ∆) is numerically lc if further ∆ is effective. It is known that (X, ∆) is numerically lc if and only if (X, ∆) is lc; see [9, Proposition 6.3] .
Denote by Nlc(X) (resp. Nklt(X)) the finite subset of X where X is non-numerically sub-lc (resp. non-numerically sub-klt).
Lemma 10.1. Let X be a normal algebraic surface over the field k of characteristic p > 0. Let f : X → X be a surjective endomorphism of X with deg f Gal co-prime to p.
Then:
(1) Both Nlc(X) and Nklt(X) are f −1 -invariant.
(1) Since f is separable, by the ramification divisor formula, K X −R f = f * K X . Let u ∈ X and v = f (u) such that v ∈ Nlc(X). By Lemma 2.3, (X, −R f ) is non-numerically sub-lc at u and hence so is X since R f is effective. Therefore, f −1 (Nlc(X)) ⊆ Nlc(X).
Since Nlc(X) is a finite set, f −1 (Nlc(X)) = Nlc(X). The same proof works for Nklt(X).
f by a positive power, we may assume f −1 (u) = u for any u ∈ Nklt(X) by (1) . Suppose
is non-numerically sub-klt at u and u ∈ D k , ∀k}.
Clearly 0 ∈ S = ∅. Denote by m := sup{m D | D ∈ S} ≥ 0. We claim that m < ∞.
Let π : X → X be the minimal resolution of the point u with E = n i=1 E i the exceptional divisor. Denote by A the intersection matrix (
For any prime divisor P containing u, π
. Suppose
is numerically sub-klt at u and hence D ∈ S. Therefore for any D ∈ S, Theorem 10.2. Let X be a normal algebraic surface over the field k of characteristic p > 0. Let f : X → X be a non-isomorphic surjective endomorphism of X with deg f Gal co-prime to p. Then X is lc.
Proof. By [9, Proposition 6.3], we only need to show that X is numerically lc. Let
Replacing f by a positive power, we may assume f −1 (x 0 ) = x 0 . Then we have a quasi-étale morphism f | U : (U, x 0 ) → (V, x 0 ) which isétale off x 0 . Let π : V → V be the log resolution of V and E the reduced π-exceptional divisor. In particular, ( V , E) is lc. Let U ′ be the normalization of the fibre product V × V U. Denote by f ′ : U ′ → V and π ′ : U ′ → U the two projections. Let p : U → U ′ be the minimal resolution of U ′ and f : U → V and π : U → U the two induced projections. Let E ′ be the reduced π ′ -exceptional divisor, E the strict transform of E ′ on U , and F the reduced p-exceptional divisor.
where F i is a p-exceptional prime divisor and a i = 0 or 1. Taking the relative Zariski decomposition, we write
. Since deg f > 1, P 2 U/U = 0 and hence U is lc.
Let X be a variety (which is not necessarily smooth, compact, or irreducible) over the field k of characteristic p > 0 and let H i (X, Z ℓ ) be the ℓ-adic cohomology group
i-th ℓ-adic Betti number of X. The ℓ-adic Euler characteristic is denoted by e(X, ℓ) :
Note that e(X, ℓ) is independent of the choice of ℓ prime to p. So we simply denote by e(X) := e(X, ℓ). We recall here two basic facts.
(1) Let Y be a closed subvariety of X and U = X\Y . Then e(X) = e(U) + e(Y ). Inspired by the proof of Nakayama [25, Section 7.3] in the case of characteristic 0, we extend it to characteristic p > 5.
Lemma 10.3. Let f : X → X be a quasi-étale non-isomorphic endomorphism of a normal projective surface X over the field k of characteristic p > 5. Suppose deg f Gal is co-prime to p and K X ∼ 0. Then X is a Q-abelian surface.
Proof. Denote by Z := Nklt(X). Then Z is finite and f −1 (Z) = Z by Lemma 10.1.
Let θ k : V k → X be the Galois closure of f k : X → X and let τ k : V k → X be the induced finite Galois covering such that θ k = f k • τ k . By Lemma 2.7, deg θ k and deg τ k are co-prime to p for any k. We claim that U k := θ −1 k (X\Z) is smooth and the Euler number e(U k ) = 0 when k ≫ 1. [25, Lemma 3.3.1] or [26, Lemma 2.5] . Then deg g k and deg h k are co-prime to p for any k. Since X\Z is strongly F-regular, thanks to the assumption that p > 5 (cf. [14] ), g k | U k+1 and h k | U k+1 areétale when k ≫ 1 by [2, Main Theorem]. Assume from now on that k ≫ 1. Since g k and h k are Galois and by the purity of branch loci, we have g
There exist finite Galois morphisms
Since g k and h k are tame, e(U k+1 ) = (deg g k )e(U k ) = (deg h k )e(U k ) and hence e(U k ) = 0.
So the claim is proved.
Next we claim that Z is empty. Let δ : W → V k be the minimal resolution of V k for some k ≫ 1. Since X is lc by Theorem 10.2 and θ k is quasi-étale and tame, V k is also lc with θ −1 k (Z) = Nklt(V k ) (cf. Lemma 2.3). Further, since V k is also Gorenstein, K W = δ * K V k −E ∼ −E and E is equal to the full δ-exceptional reduced divisor δ −1 θ −1 k (Z); precisely, a connected component of E is either an elliptic curve or a nodal curve or a cycle of smooth rational curves by the classification of Gorenstein lc surfaces (cf. [18, Theorem 4.7] ). So e(E) equals the number of rational curves contained in E. Therefore, e(E) ≤ ρ(W )−1 where ρ(W ) is the Picard number of W . Note that e(W ) = e(U k )+e(E) = e(E) and e(W ) ≥ 2 − 4 dim(Alb(W )) + ρ(W ) where Alb(W ) is the Albanese variety of W .
Thus dim(Alb(W )) ≥ 1. So we have a ruling π : W → T to a smooth projective curve T of genus ≥ 1. For a general fibre F of π, we have E · F = −K W · F = 2, which implies that an irreducible component of E dominates T . Thus, dim(Alb(W )) = 1 and T is an elliptic curve, since each irreducible component of E has genus ≤ 1. If a connected component of E is not an elliptic curve, then it is contained in a fibre of π; however this is impossible, since successfully blowing down (−1)-curves in fibres of π will reach a P 1 -bundle over T whose fibres of course have no images of nodal curves or cycles of rational curves. Hence, E is a disjoint union of elliptic curves and e(E) = 0. Since dim(Alb(W )) = 1, b 2 (W ) = 2 by the previous inequality, and therefore W is a P 1 -bundle over T . In particular, E 2 = K 2 W = 0, a contradiction to the negativity of E. So the claim is proved, i.e., X is klt.
Hence X is strongly F-regular by [14] . Then X is Q-abelian by Theorem 4.5. [14] . Then X is Q-abelian by Theorem 4.5.
Theorem 10.4. Let f : X → X be a q-polarized separable endomorphism of a normal projective surface X over the field k of characteristic p > 0. Suppose X is either lc or Q-factorial. Then, replacing f by a positive power, there exists an f -equivariant relative MMP over Y X = X 1 → · · · → X i → · · · → X r = Y (i.e. f = f 1 descends to an endomorphism f i on each X i ), with every X i → X i+1 a divisorial contraction or a Fano contraction, of a K X i -negative extremal ray, such that we have:
(1) K Y ∼ Q 0 and f r is quasi-étale.
(2) For each i, f i is separable and q-polarized by some ample Cartier divisor H i . . So X i is strongly F-regular by [14] and since p > 5. So (7) is proved.
11. Proofs of Theorems 1.6, 1.7 and 1.8
We refer to [3] and [13] for the MMP of klt 3-fold pairs with characteristic p > 5.
Proof of Theorem 1.6. If K X is pseudo-effective, then K X ∼ Q 0 by Theorem 1.4 and the theorem is then trivial.
Now we assume K X is not pseudo-effective. Then there exists a Fano contraction X i → X i+1 with dim(X i+1 ) ≤ 2 for some i (cf. [3, Theorem 1.7] ). By Remark 6.7, replacing f by a positive power, f descends to a q-polarized endomorphism f i+1 : X i+1 → X i+1 .
Since X is Q-factorial, so is X i+1 by the MMP theory. By Theorem 10.4, we may further run f -equivariant MMP starting from X i+1 and end up with Y such that K Y ∼ Q 0. Then Proof of Theorem 1.8. Since Alb(X) contains no rational curves and is generated by the image of the rationally chain connected X, it is trivial. So (1) follows from Theorem 1.1.
It is known that theétale fundamental group of smooth and rationally chain connected projective variety is finite (cf. [17, Theorem 1.6]). Hence (2) and (3) follow from Theorem 1.7.
